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ABSTRACT 

We show that several classical problems concerning the splitting of exact 
sequences of spaces of differentiable functions can be reduced to questions of 
semicontinuity of discrete local invariants in analytic geometry. We thus 
provide a uniform approach to the continuous linear solution of the division, 
composition and extension problems in differential analysis, recovering the 
classical theorems and giving many new results. 

§1. Introduction 

We show that several classical problems concerning the splitting of  exact 

sequences of  spaces of  diferentiable functions can be reduced to questions of  

semicontinuity of  discrete local invariants in analytic geometry. We thus 

provide a uniform approach to the continuous linear solution of  the division, 

composition and extension problems in differential analysis, recovering the 
classical theorems and giving many new results. Our techniques come, on the 

functional analytic side, from splitting theorems for exact sequences of  Fr6chet 

spaces due to Vogt and Wagner [24, 25, 26], and, on the geometric side, from 

our work on "Relations among analytic functions" [4]. Semicontinuity of  the 

local invariants implies the existence of  natural analytic stratifications of  our 

spaces (together with their functional structures). The continuous linear 
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solutions to our problems are obtained, as in [5], by applying the Fr6chet space 
techniques inductively over the strata. 

The classical prototype of our main theorem is the existence of a continuous 
linear extension operator for :g~ functions defined on a closed half-line 
(Mitiagin [17], Seeley [19]). Together with Whitney's theorem on differenti- 
able even functions [27], it provides the following composition theorem: there 
is a continuous linear operator 2 taking ~ even functions f (x )  into ~ 
functions 2(f)(y) such that f ( x )=2( f ) (x2) .  The extension theorem of 
Mityagin and Seeley follows also from Mather's continuous linear version of 
Malgrange's division theorem [12]. Conversely, a slightly more general exten- 

sion theorem due to Stein [20] (cf. [2]) implies the existence of a continuous 

linear splitting in Malgrange's theorem [15]. 
These results are very special aspects of a general problem: Let M and N 

denote analytic manifolds (over K = R or C) and let ~0 : M ~ N be an analytic 
mapping. Let A and B be p × q and p X r matrices, respectively, whose entries 
are analytic functions on M. Suppose K = R. Then q induces a (continuous 
linear) homomorphism ~0": ~°~(N)~ c~(M),  where q~(M)  denotes the Fr6- 
chet algebra of ~o~ functions on M. Let ~ :  ~ ( N )  q ~ ~ ( M )  p denote the 
module homomorphism over ~0" defined by ~(g) (x )=  A(x).g(~o(x)), where 
g=(g~ . . . . .  gq)E~°~(N) q, and let B .  : ~ ( M ) r ~ ° ~ ( M )  p denote the 
cg®(M)-homomorphism induced by multiplication by the matrix B. (This 
notation will be fixed throughout the article.) We ask: 

(1) Is O ~ ( N )  q + B.  %:~(M) r a closed subspace of ~ ( M ) ; ?  
(2) If so, does the canonical surjection 

~, °°(N)q ® ~°~(M)r -*@~, '~(N) q + B .  ~°°(M)r 

admit  a continuous linear splitting? 
The natural setting for our approach to these questions is in local analytic 

geometry: Let ¢9M and Cu denote the sheaves of germs of analytic functions on 
M and N, respectively. Then ~0 induces a sheaf homomorphism ~o* : CN ~ CM. 
In analogy with the homomorphisms @ and B.  defined above, there is an 

induced homomorphism @:C~,~¢9~ over ~*:  ON--" CM, and an induced 
CM-homomorphism B" Cb ~ C~. Let it' : C~ ~ Coker B denote the homomor-  
phism over ~0" induced by @. (Locally, any ~0*-homomorphism from C~ to a 
coherent CM-module has this form.) 

Let a E M. Then ~0" determines a homomorphism of local rings ~0~* : ¢gu,~t~) 
¢M,.. We write Ca = CM.a, etc., when there is no possibility of confusion. From 
@, B and ~,  there are induced homomorphisms Oa : q C~a) C~ over Ca*, 
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Ba :(~---" CPa over C a, and ~ga : (gq(a) ---" (~lBa" (9~ over (0*. Let (o* : (~,(a)---'~a, 
~ a  : Ctp( a)Aq ~ (~Pa, B,," Ca'" "-" (~, and k~'l a " Cq(a) " ---- Coker/~a denote the correspond- 
ing homomorphisms of the completions. With respect to any local coordinate 
system x = (xl, • • •, Xm) in a neighborhood of a, (94 (respectively, ~a) identifies 
with the ring of convergent (respectively, formal) power series K{x } (respecti- 
vely, K[[x]]). If  G E 6~(al, then (a*(G) is given by composition of  formal power 
series: with respect to local coordinates y = (y~ , . . . ,  y,) near ¢p(a), we sub- 
stitute the formal Taylor series at a of the components of ~ (without their 
constant terms) for the variables yj in G(y~, . . . ,  y~). We also write G o (0a for 
(~a*(G). If K = R, there is a Taylor series h o m o m o r p h i s m f ~  fa from ~ ( M )  p 

onto (~P (onto by the lemma of E. Borel [22, IV.3.5]). 

The way that the module o f  formal relations 

~¢a = Ker qJa 

varies with respect to a plays the central role in the problems above. Let H~ 
denote the Hilbert-Samuelfunction of (gq~(a/~Ca: 

Ha(k) = dimK (~(a) 
glDk+l o ~q ~ a  W "-'~(a) C~(a) 

(Where ~ (a )  denotes the maximal ideal of C~(a)). 
If  K = R, let ( ~ ( N )  q + B .  ~ ( M )  r) ̂  denote the elements of ~ ( M )  p 

which formally belong to ~ ( N )  q + B .  ~ ( M ) r ;  i.e., { f ~  c~°~(M)P : for all 

b E ~ ( M ) ,  there exists GbE(~  such that fa -dPa(Gb)~ImBa,  for all a E  
q~-l(B)}. Then ( ~ ( N )  a + B .  ~ ( M ) ~ )  ^ is a closed subspace of ~ ( M ) "  

(Proposition 3.1). 

TheOReM 1. I. Let K = R. Let M,  N, ~, A and B be as above. Suppose that 
q~ is proper. Assume that the Hilbert-Samuel function Ha is Zariski semiconti- 

nuous on M. Then: 
(1) dp~(N)q  + B .  ~ ( M )  r = ( d P ~ ( N )  q + B .  ~ ( M ) r ) ^ ;  in particular, 

¢P~®(N) ~ + B .  ~ ( M )  r is a closed subspace o f  ~ ( M ) " .  

(2) The canonical surjection 

• r--, + 

admits a continuous linear splitting. 

Assertion (1) of this theorem is proved in [4]. The functional analytic 
statement (2) will be established here. 
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Zariski semicontinuity of the Hilbert-Samuel function H= means: For every 
irreducible (germ of  a) closed analytic subset X of M, there is a proper closed 
analytic subset Y o f X s u c h  that (1) if a, b ~ X  - Y, then H=(k) = Hb(k) for all 
k, and (2) i fa  E X  - Y, b ~ Y, then H=(k) < Hb(k) for all k and H=(k) < Hb(k) 
for some k. Thus, given a E M ,  {b E M :  H=(k) _-< Hb(k) for all k} is a closed 
analytic subset of  M. 

We conjecture that the Hilbert-Samuel function Ha is Zariski semiconti- 
nuous, in general. We have proved it in each of the following cases [4, Thm. C]: 

(a) In the algebraic category. (Here the Hilbert-Samuel function is upper 
semicontinuous with respect to the (algebraic) Zariski topology.) 

(b) If  tF = ~o* : ¢N -" eM and ~o is regular in the sense of Gabrielov [7]; i.e., 
the Krull dimension of ¢~t=~/Ker ¢* is locally constant on M. 

(c) If  ~0 is locally finite; i.e., for all a E M ,  ¢= is a finite ¢¢t=)-module via the 
homomorph i sm ~o*. 

Case (c) includes the coherent case (M = N, ~0 = identity), in which semi- 
continuity is known classically. The modules of formal relations ~° ,  a E M, 
do not, in general, form a coherent object. Nor, in general, is the Hilbert-  

~a 
Samuel function of  ~(a)/~.~ta), where ~ . b =  NaE,-'(b)Ker~a, semi- 
continuous as a function of a E M  (cf. [4, Rmk. 2.3]). 

Special cases of Theorem 1.1 include: 

Division theorems. A .  q~°~(M)q is closed in ~®(M) p (Malgrange [11, VI. 1]). 
Moreover, the canonical surjection t~®(M)q ~ A .  ~®(M) ¢ admits a conti- 
nuous linear spliting [5, Thm. 0.1.1]. Note that A - ~ ( M )  q does not, in 
general, have a closed linear complement  in ~f®(M) p : e.g., M = R 2, p = q = 1, 

A -- x ,  + [5]. 

The Malgrange-Mather division theorem [12]: Let P(t, 2) denote the poly- 
nomial t d + Z~_ i 2it d -j with generic coefficients ;t -- (21,. • . ,  2d). Then every 

~® function f(x ,  t) = f(xl . . . . .  x, ,  t) can be written 

d 
f (x ,  t) = e(t ,  2) .q(x ,  t, 2) + Y. gj(x, 2)t d-j, 

j--I  

where q, g~ . . . . .  gd are ~® and depend in a continuous linear way onf .  This is 
equivalent to the conclusion of Theorem 1.1 in the case that M = N -- R" +d, 

: M ~ N is the mapping 

(x ~ ( x , t , 2 ~ , . . . , 2 d - l ) =  ,21 . . . . .  ) ' d - l , - - t d - -  Y~ 2j td- 
j--I  
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where x--(x~ . . . .  ,x,),  B = 0  and A(x, t , ~  I . . . . .  Ad-l) is the 1 × d  matrix 
(ta-~td-~. . . 1). Indeed, given f(x, t) c~, there exists g(x, 2)E c~®(R"+a)d, 
g = ( g l  . . . . .  gd), such that f = A . ( g o ¢ )  if and only if f ( x , t ) -  
Y'ff-I td- jgj (  x ,  '~) divided by t d + ~,ff2t I 2jt d - j  + Act -~ P(t, 2) is a cg® function. 
Theorem 1.1 applies in this case because f belongs to (~c~°~(Rn +d)d)^, by the 
formal Weierstrass division theorem (cf. [4, Example 4.5]). 

Composition theorems. There is a necessary condition for ~* qg~(N) to be 
closed: ¢~ must be semiproper; i.e., for every compact L c N, there is a compact 
K C M such that (p(K) = L t3 ~0(M) [5, Prop. 1.4.1 ]. The composition theorem 
of [3] asserts that ~0*c~(N) is closed if ~o is semiproper and ~0(M) is Nash 
subanalytic (i.e., the image of a proper real analytic mapping which is regular 
as in (b) above, so that Theorem 1.1 (1) applies). Special cases of this theorem 
include Glaeser's composition theorem [8], Schwarz's and Luna's theorems on 
differentiable invariants [18, 10] and a result of Tougeron [23]. 

If ~o is semiproper and ~0(M) is Nash subanalytic, then the surjection 
qe®(N) --- ~* cg~(N) admits a continuous linear splitting, by Theorem 1.1(2). 
The splitting provides an extension operator for cg~ functions on q~(M): see 
below. In the case of diferentiable invariants, the existence of a splitting is due 
to Mather [14]. Here ~0 is given by a set of generators for the algebra of 
invariant polynomials on a linear representation of a reductive real algebraic 
group. If the group is compact, then averaging, together with Schwarz's 
theorem, shows that ~o*c~(N) has a closed linear complement in cg°~(M). In 
general, it is not true that ¢ * ~ ( N )  has a closed linear complement: e.g., 
M = N = R ,  ~(x )=x  k, wherek_>-- 3 [16]. 

Extension theorems. Let Y be a closed subset of N. Denote by c~o~(y) the 
space of restrictions to Y of elements of c~(N), and by 8(Y) the space of q¢® 
Whitney fields on Y (see Definition 3.5). Whitney's extension theorem [11, 
1.4.1] asserts that the canonical restriction mapping 8(N) ~ c~(N)--,, 8(Y) is 
onto. (Its kernel is the ideal 8(N; Y) of qg~ functions which are fiat on Y.) 

Grothendieck pointed out that the restriction (Taylor series homomor- 
phism) 8(R')---8(point) does not admit a continuous linear splitting [22, 
IV.3.9]. Suppose Y = int Y (so that 8(Y) = c~oo(y)). If Y is subanalytic, then 
there is a continuous linear extension operator E :  8( Y) --- 8(N) [1]; i.e., the 
restriction mapping 8(N)---, dr(Y) splits. This is false in general: e.g., N = R 2, 

Y = {(Y~, Y2) : Yl ~ 0, 0 ___< Y2 < e-~/Y,} (Tidten [21]). 
Suppose Yis subanalytic. Clearly, if Y = int Y, then Yis Nash. In general, if 

Y is Nash, then there is a continuous linear extension operator E:  qe®(Y)--- 
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cg~(N) [5, Thm. 0.2.1 ]. Let ~ : M----N be a proper analytic mapping such that 
¢ ( M ) =  y. t  Then ~o* induces an injection c~o~(y)___, ~,~(M) with image 

* cg~(N) .  Therefore, if ~* cg~(N) is a closed subspace of ~ ( M ) ,  the existence 
of  an extension operator is equivalent to the existence of a continuous linear 
splitting for the surjection tp* : ~ ( N )  --- tp* c~(N).  Thus Theorem 1.1 applies 
also to the extension problem. 

Suppose that ~ is regular. The approach of [5] and of this article is as follows: 
We can assume that Yand thus Mis  compact. Then cg~(M) is isomorphic, as a 
Fr6chet space, to the space s of rapidly decreasing sequences of real or complex 
numbers [5, Prop. 6.3]; cf. Proposition 2.4 below. There is an exact sequence 

0 ~  fg°°(N; Y)--- ~, ~(N)--- ff~(Y)--- 0, 

where ~®(N; Y) denotes the ideal in ~°~(N) of functions which vanish on Y. 
By the composition theorem [3], ~oo(y) is a closed subspace of s. Since Y is 
Nash subanalytic, cg°°(N; Y) is a quotient o f s  [5, Thm. 6.6]. (In the case that 
Y = int Y, this is a result of Tidten [21]; cf. Theorem 2.5.) Therefore, the 
sequence splits, by the theorem of Vogt and Wagner [25] (see Section 2 below). 

In the general context of Theorem 1.1, let ~ ( N )  denote the kernel of the 
surjection 

q ) ~ ( m )  ~ + B.  ~ ( m )  r 
(1.2) ~ ( N )  q 

B.  ~ ( M ) '  

induced by ~.  In order to apply the Vogt-Wagner results to prove Theorem 
1.1(2), we need: 

(i) ~ ' ( N )  q + B . q g ' ( M )  r is a closed subspace of ca®(M)P (Theorem 
1.1 (1)), and thus a closed subspace of  s in the case that M is compact. 

(ii) ~ ( N )  is a quotient of  s. 

The main ingredient in our proof  of (ii) is a natural analytic stratification 

associated to the modules of formal relations ~a :  
Let s E N. Let M~, denote the s-fold fiber product 

M~, = {a = (a 1 . . . .  , a ' ) E e ' :  ql(a l) . . . . .  ~0(aS)}, 

and let ~ :Mj  ---N denote the induced mapping. I ra  = (a t , . . . ,  a* )EMj ,  put 

t Such a ~ always exists. For a simple proof see E. Bierstone and P. D. Milman, Semianalytic 
and subanalytic sets, Thm. 5.1 (to appear). 
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i=l 

and let H,(k) denote the Hilbert-Samuel function of d3q(,)/~ a. Zariski semi- 
continuity of H,, for a given positive integer s, is equivalent to Zariski 
semicontinuity of Ha (i.e., of Ha in the case s = 1) [4, Prop. 9.6]. 

If~o is proper, then, locally in N, there is a bound s on the number  of distinct 
submodules ~a  of (~, where a E q~ -l(b) [4, Cor. 11.6]. We work locally and fix 
such an s. Thus, for all b ~ ( M ) ,  there exists a ~ - ~ ( b )  such that ~a = 

Suppose X is a locally closed subset ofM~. We say that a function h on X is 
meromorphic if each point of X admits a neighborhood in which there are 
finitely many pairs of analytic functions f,, g~ such that X N f"l~ ga- ~ (0) = 
and h .g ,  = f~ on X, for each i. Let . / /(X) denote the ring of meromorphic 
functions on X. IfK = C, then a function on Xis meromorphic  if and only if its 
germ at each aEJ"  is induced by a meromorphic  function (in the classical 
sense) defined on an analytic set containing J 'near  a, whose poles lie outside X. 

Denote by .//(X)[[y]] the ring of formal power series in y = (y~ . . . . .  y~) with 
coefficients in .//(X). If a E X, there is a mapping ~/(X)[[y]] ~ K[[y]] defined 
by evaluating coefficients at a. If N is an open subset of K ~ and b EN,  we 
identify ~b with the formal power series ring K[[y]]. Suppose G ~ g ;  say 
G = (G~ . . . .  , Gq), where G~(y)= Za~N. ga,jy a (in multiindex notation), j = 
1 . . . . .  q. We write G = Zp,j gajyaJ, where ya,J denotes the q-tuple with y~ in 
the j ' t h  place and zeros elsewhere. 

THEOREM 1.3. Suppose that ~ is proper, that N is an open subset of  K", and 
that s is as above. Assume that the Hilbert-Samuel function H, is Zariski 
semicontinuous on M~. Then there is a locally finite partition {Xu}uEN of  M~ 
such that, for each It: 

(I) Xu is a relatively compact connected smooth semianalytic subset of  M~. 
(2) g u - X u  C U~<u X~. 
(3) ~[Xu has constant rank. 
(4) Let Yu=~(U~<~X~). Then, for all aEXa-~o- l (Yu_ , ) ,  # t . =  

( '~aE~- '(9(a))  ~ a " 

(5) There exist finitely many elements G! (y) E.g(X~)[D,]] q with the follow- 
ing properties: Write G!(y) = Zp,jg~,y p'j where each gk,j E..II(X~). I f  a~Xu, 
put Gi(y )=  Z g~j(a)y p,j. Then: 

(5.1) For each a ~ X  u, the Gi-(y)generate ~ ,  c ~ , 1  = K[[Y]] q- 
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(5.2) I f  a E X u -  g-~(Y~-I), then each g~,j(a) depends only on b = ¢~(a). 
Write gka(a) = gk.j (b). 

(5.3) For each i, let G ~ denote the field of formal power series GL(y)= 
Z gkj(b)y ~'j, b (7. Yu - Yu-1. Then G ~ is analytic with respect to the variables oJ 
the immersed submanifold Yu - Yu_ 1 of  N - Yu_ i, and formal with respect to 
the variables in the normal direction. (See Definition and Remarks 6.8.) In 
particular, i f  K = R, then G~E S(Y, - Y~_t) q. 

We actually have a more precise version of Theorem 1.3 (see (6.1)-(6.6) and 
Proposition 6.1 0 in Section 6): Zariski semicontinuity of the Hilbert-Samuel 
function H. is equivalent to Zariski semicontinuity of a "diagram of initial 
exponents" 92. associated to the module ~ ,  [4, Thm. A] (see Section 4 below). 
The diagram 92. gives a combinatorial picture of ~,,  in the spirit of the 
classical Newton diagram of a formal power series. The stratification {X~ } can 
be chosen so that 92. is constant on each X~, and the G-~(y) are "special 
generators" of ~,,  uniquely determined by the diagram 92, (cf. [4, Thm. B]), so 
that (5.2) follows from (4). 

Let Z c Y be closed subsets of N. Then the space g(Y; Z) of Whitney 
fields on Y which are fiat on Z is a quotient of s, by Tidten's theorem 
(Theorem 2.5). Define ~(Y; Z) as {G ~ 8(Y; Z)q: Ob E N~e,-,(b) ~1~, for all 
b ~ ( Y - Z ) n  ~(M)} (cf. Definitions 3.5 and 3.9). Put ~ ( Y ) =  ~(Y; ~ ) .  
(~(N)  is the kernel of (1.2), in agreement with the earlier notation.) Using (4) 
and (5) of Theorem 1.3, we will prove that each ~(Yu; Yu_ 1) is a quotient of s 
(Theorem 6.7). On the other hand, it follows from Theorem 1.1(1) that, for 
each g, the sequence 

O-- ~(Y~; Y~_,)-~ ~(r~)-~ ~(Y._I)-~ 0 

is exact (Corollary 3.1 1). Theorem I. 1 (2) follows by induction on/t, using the 
theorem of Vogt and Wagner (see Section 3). 

§2. The theorems of Vogt, Wagner and Tidten 

Let s be the space of rapidly decreasing sequences of real or complex 
numbers; i.e., sequences x = (xj)~ez such that, for every k ~N, 

I Ix  Ilk =sup Ijlklxjl <o0. 
J 

With the seminorms II • 11 , s has the structure of a nuclear Fr6chet space. The 
Fourier transform induces an isomorphism cg~(S~) ~ s. 
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PROPOSITION 2.1 [25]. 
isomorphic to s. 

(2) s N = liken S is a quotient of  s. 

(1) The direct sum of  a finite number o f  copies o f  s is 

THEOREM 2.2 [25, 26]. Let 

H 

O -- - , E - -F ~ G  ---,0 

be a diagram of  Frdchet spaces and continuous linear mappings, where the 
horizontal sequence is exact. Suppose that E is a quotient o f  s and that H is a 
closed subspace o f  s. Then there is a continuous linear mapping 2 : H --  F such 
that/~ o2 = n. 

COROLLARY 2.3 [25, 26]. Let 

O---E--F---G---O 

be an exact sequence of  Frdchet spaces and continuous linear mappings. I f  E 
and G are quotients o f  s, then so is F. 

PROPOSITION 2.4 [5, Prop. 6.3]. Let M be a ~ manifold (with or without 
boundary). Then: 

(1) ~®(M) is a quotient o f  s. 
(2) I f M  is compact, then ~ ( M )  ~ s. 

THEOREM 2.5 [21; 5, Thm. B.1]. L e t M b e a  ~o  m a n i f o M a n d l e t X b e a  

closed subset o f  M. Then the space 8(M; X) o f  q ~ functions which are flat on X 
is a quotient o f  s. 

§3. The main theorem 

We will formulate a more general, relative version of  Theorem 1.1 (Theorem 
3.6 below). This is needed, in any case, to deduce I. 1(2) from the special case 
that M is compact, using a partition of unity. The notation of the introduction 
will be used in this section and throughout the paper. Let K -- R. 

PROPOSITION 3.1. (~qg~(N) q + B'Cg~(M)r) ^ is a closed subspace o f  
~g-(M) p. 

Our proof  of Proposition 3.1 is based on three lemmas which follow. If 
a E M  and k E N ,  let Jk(M) denote the finite-dimensional vector space 
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C)/~k÷t .(~,. Then ~a" ~g ~ ~" and/~a" "r a----~ , ~  ,~ (9~--" (~ induce linear mappings 
~ak: J~a~(N) q oJag(M) p and B~:Jka(M) r-''Jka(M)p, respectively; ~ induces 
~g~:J~ta~(N) q---'Jka(M)p/Im Bka. If FE(fig (respectively, f E  ~ ( M ) P ) ,  let F k 
(respectively, f~) denote the image of F (respectively, f )  in Jag(M) p. 

Let b E q~ (M). If k E N and X c q7 - l(b), put ~kx --- { fE  ~ ( M )  p: there exists 
G ~ dg such that fa - ¢ba (G) E I m/3a + ~3~a k ÷ ~" (~g, for all a E X } and let ~¢kx = 

NaEX Ker qJ~. 

k = {~kx: X and X is finite }. LEMMA 3.2. ~'e-'(b) fq C q~-~(b) 

PROOF. IfX~ C X2 C ~-t(b), then ~¢kx: C ~¢kx,. It follows that, for all k EN,  
k , = .~. there is a finite subset X k of ~ -  ~(b) such that .~'~- ~,~ 

Supposef~ (~ ( ~ k .  X C ~-  ~(b) and Xis finite}. Let G ~ Cg such that, for all 
a ~ X  k, f k  _ ~k(G~)~im B k. Suppose X ~ X k is finite. Let H~(Og such that 
fag - ~ ( H ~ ) ~ I m  B k, for all a ~ X .  Then (G - H ) k ~ k ~  = ~tp-k ,(b~, so that 
fa  ~ - ~ ( G k ) ~ I m  Ba g, for all a ~ X .  The result follows. [] 

LEMMA 3.3 (Chevalley estimate; cf. [4, Lemma 8.2.2]). There is a function 
l = l(k, b) from N to itself such that, i fG ~ (~ and tba(G) ~ Im/~a + ~ +  ~ " (9~ 
f o r a l l a ~ - t ( b ) ,  then G ~  Na~-,<b) Ke r  ~a  + 92~ +t - (~ .  

o ~  . k 1 LEMMA 3.4. Ok = ~ : ~ -  (b) = { f ~  ~°~(M) p: there exists G ~ ~ such that 
fa - ~a (G)~  Im Ba,fOr all a ~ tp-'(b)}. 

PgOOF. Put k0 = 0. Let k,+l = max(k, + 1, 1~), where 1~ = l(k~, b), s = 
0, 1,2 . . . . .  Suppose f ~  f')~=~ ~rk-,tb ). We define G~(9~ such that 

~ 1 + 1  1 
fa -- ~a(Gs) ~ I m  l~a + '2"~a "(~a, foral la  ~ - t ( b ) , a n d G ~ + ~  - G ~  '+ .(~, 
inductively as follows: 

Given G,, choose any H ~ (9~ such thatf~ - (~a ( n )  ~ Im/~a "q- ~ + ~  + I • (~a p, for 
~ . k s +  1 

all a ~¢-~(b).  Then G~ - H ~  f')ae~-'(b)Ker q~a + W~b • (~, by Lemma 3.3. 
Thus there exists G,+ ~ g  such that fa - ~a(Gs+ ~)~Im/~a "71- ~)~!+,+ 1 • (~ap ' for 

_ _  - -  - - k s +  1 all a ~ - ~ ( b ) ,  and G~+t (/,~V-~b . t~.  
Set G =lim~G, (limit in the Krull topology). Then f a - + ~ ( G ) ~  

f"b (Im/Y~ + 9~ta +~' (9~) = I m / ~ ,  for all a ~ ~- ' (b) .  [] 

PROOF OF PROPOSmON 3. I. Let b ~ ~(M) and suppose that X is a finite 
subset of ¢-~(b); say X =  {a ~ . . . . .  a~}. Let ~?:Jg(N) q × ~ _ ~  f la , (M) '~  
~)~= ~ Jk,(M)" denote the linear mapping ~(G,  H ~ . . . . .  H ~) = 
(~ka,(G)+ Bk,(Hi))~<i<_s, where G ~ j k ( N )  ~ and  n i ~ j k , ( M )  r, i =  1 . . . .  , s .  

Let f ~  ~*(M)  ~. Then f ~  ~ x  if and only if ( f 2 , , . . . ,  f k) ~ Im ~r. Therefore 
~rk is a closed subspace of ~ ( M )  ~. 
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It follows from Lemma 3.2 and 3.4 that 

• ~ -  ~ ~ -  ~(b) 
bEe(M) k = 1 

is a closed subspace of ~ ( M )  p. [] 

DEFINITION AND REMARKS 3.5. Let Ybe a locally closed subset of N, and 
let Z be a closed subset of Y (where Y has the induced topology). Let Vbe any 
open subset of N such that Y is closed in V. Then Z is closed in V. Put 

g ( V ; Z ) = ( g E ~ ( V ) : g b = O ,  for all b ~Z} .  

Let 8(Y; Z) denote the Fr6chet algebra 8(V; Z)/¢(V; Y). (The definition is 
independent of V.) If N is an open submanifold of R', 8(Y; Z) identifies with 
the Fr6chet algebra of ~ Whitney fields on Y which are flat on Z (by 
Whitney's extension theorem [ 11, 1.4.1 ]). If Y' is a closed subset of Y, there is a 
restriction mapping G~--~GIY' from d~(Y;Z) q onto g(Y'; Y ' A  z ) q ,  Put 
g ( Y ) =  8(Y; ~ ) .  If bE  Y, then g({b}) = (gb, and we write G~-~(~b for the 
restriction g(Y)q---~ (Taylor series homomorphism). Of course, d~(V)= 
rg®(V) if V is open subset of N. 

THEOREM 3.6. Suppose that ~ is proper. Assume that the Hilbert-Samuel 
function Ha is Zariski semicontinuous on M. Let Y be a closed subanalytic 
subset of  N. Then: 

(1) Og(N; Y)q + B.  g(M)'  = {f~(OS(N)  q + B.  g(M)')  ^ :fa E l m  J~a for 
all a E~-z(Y)}. In particular, O~g(N; Y)q + B.  8(M)" is a closed subspace of 
g(M) p. 

(2) The canonical surjection 

8(N; Y)q • 8(M)'  --, 08 (N;  Y)q + B.  8(M)" 

admits a continuous linear splitting. 

Theorem 3.6(1) has been proved in [4]. We will use (l) to prove the second 
assertion here. We first note two corollaries: 

COROLLARY 3.7. Let X be a closed subanalytic subset of  M. Then: 
(1) A • 8(M; X) q is a closed subspace of  S(M; X) ~. 
(2) The canonical surjection 8(M; X) q ---A. d'(M; X) q admits a continuous 

linear splitting. 
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PROOF. Each assertion is the corresponding assertion of Theorem 3.6 in 
the special case that (a -- identity, B = 0; the Hilbert-Samucl function is 
Zariski semicontinuous according to case (c) in Section 1. [] 

COROLLARY 3.8. Let the hypotheses be as in Theorem 3.6. Then: 
(1) ~¢f(N; Y)q + B .  8(M; ~-~(Y))' is a closed subspace of  ,~(M; ~-~(Y))P. 
(2) The canonical surjection 

8(N; Y)q • 8(m;  t ,o -~(Y))  r ~ 8 ( N ;  Y)q + B.  ~'(m; t~- I(Y))  r 

admits a continuous finear splitting. 

PROOF. Each assertion follows from the 
Theorem 3.6 and Corollary 3.7. 

corresponding assertions of 
I=I 

DEFINITION AND REMARK 3.9. Let Z C Y denote closed subsets of N. 
Define ~ ( Y ; Z )  as {(~ES(Y;Z)q: t~b~ 0oe~-'(b)~a, for all b E  
( Y -  Z)•  {0(M)}. Then ~(Y; Z) is a closed submodule of 8(Y; Z) q. Put 
~¢(Y) = ~(Y; ~5 ). 

PROPOSITION 3.10. Let the hypotheses be as in Theorem 3.6. Let Z be a 
closed subanalytic subset of  N. Then the restriction mapping ~¢(N; Z)--- 
~(Y; Y • Z) is surjective. 

PROOF. Let G ~  ~¢(Y; Y N Z). Since Y and Z are regularly situated 
(cf. [11, 1.5] and [9, §9]), there exists g'E 8(N; Z) q such that g'  I Y -- G. Then 
f = ¢b(g') ~ (~ 8(N) q + B.  8(M)')  ^ and ~ ~ Im Ba for all a ~ q~- ~(Y U Z). By 
Theorem 3.6(1), there exist g " ~ 8 ( N ;  Y UZ)  q and h ~ 8 ( M )  r such that 
f = ¢I)(g") + B .h .  Let g = g '  - g". Then g [ Y = G. Moreover, g ~ 8(N; Z) q 
and ~ ( g )  E B .  8 (M)r ,  so that g ~ ~¢(N; Z). [ ]  

COROLLARY 3.11. Let the hypotheses be as in Theorem 3.6. I f  Z~, Z2 are 
closed subanalytic subsets of  Y, then the following sequence is exact: 

0 -~ ~¢(Y; Z I U Z2) "-'~ ~ ( Y ;  Z2) "-'~ ~(Z1;  Z 1 N Z2)--~ 0. 

THEOREM 3.12. Let the hypotheses be as in Theorem 3.6. Then ~(N;  Y) is 

a quotient ors. 

Theorem 3.12 will be proved in Section 6 below. 

PROOF OF TI-IEOREM 3.6(2). Let V denote a relatively compact open 
subanalytic subset of N. Put X = M - ¢ - I ( V )  and Z =  Y U ( N - V ) .  By 
Theorem 3.6(1) (and Corollary 3.7(1)), ~8(N;  Z) ~ + B.  8(M; X)' is a closed 
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subspace of dr(M; X )  °. By a partition of unity argument, it is enough to show 

that the canonical surjection 

(3.13) dr(N; Z) q ~9 dr(M; X)' --- edr(N; Z )  q + B .  dr(M; X)' 

has a continuous linear splitting. 
Now ~ induces a continuous linear surjection 

: dr(N; Z )  q ---" 
Cdr(N; Z) q + B.  dr(M; X )  r 

B. dr(M; X )  r 

Clearly, Ker~F = ~(N;  Z) (for example, by Whitney's spectral theorem 
[ l l ,  II.1.7] or by Corollary 3.7(1)), so that Ker~F is a quotient of s, by 
Theorem 3.12. 

Let L denote a compact rg~ submanifold of M with boundary, such that 
~ -~(V)CL.  Then ¢ P S ( N ; Z ) q + B . 8 ( M ; X ) "  is a closed subspace of 
dr(M; XF,  hence of dr(L F ~ s. 

Consider the special case that M = N, ~ = identity, B = 0 and Y = ~ :  
Then KerW= KerA.  is a quotient of s, and ~dr(N; Z )  q + B .  dr(M;Xy = 
A.  dr(M; X )  q is a closed subspace of  s. By Theorem 2.2, the surjection 
A .  :d r (M;X) '~ - - - 'A .d r (M;X)  q admits a continuous linear splitting (cf. 
[5, Thm. 0.1.1]). 

In general, consider the following diagram in which the horizontal sequence 
is exact: 

~&(N; Z )  q -Ji- B . 8(M; X)' / 

///// 1 // 
v c}8(N; Z) q + B.  $(M; X y  

0--* Ker W ~ &(N; Z) ¢ - - ,  
B .  &(M; X)' 

--0. 

By Theorem 2.2, there is a continuous linear mapping 2 :~&(N;  Z) q + 
B.  &(M; X)' --- &(N; Z) q, making a commutative triangle, as shown. 

Let/z : B .  &(M; X) r --* g(M; X)'  denote a continuous linear splitting for the 
surjection B.  : &(M; X) r ---B. &(M; Xy.  If f ~ d p & ( N ;  Z )  q + B .  g(M; X)', 
then f -  (~o 2 ) ( f ) E B .  &(g;  x ) r ;  thus f -  (cb o 2)0 c) = B . # ( f -  (~o 2)(f)). 
Write v0 c) = g ( f -  (~ o 2)(f)). Then 

(2, v) : ¢&(N; Z) q + B.  $(M; X)' --,. &(N; Z) q • $(M; X)' 

is a continuous linear splitting for the surjection (3.13). [] 
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§4. The diagram of initial exponents 

Let y = (y~ . . . . .  y,)  and let R be a submodule of K[[y]] q. Following 

Hironaka [6] (cf. [4, §1.4]), we associate to R a subset ~(R) of N" × { 1 . . . . .  q}: 

If p = (p~ . . . . .  ]~,)~N", put I]/I =~/1 + " ' "  +]~,. We order the (n + 2)- 

tuples ~ l , . . . , f l , , J ,  IP[), where ( ] / , j )EN ~ × {1 . . . . .  q}, lexicographically 
from the right. This induces a total ordering of N" × { 1 , . . . ,  q }. 

Let g~K[[y] ]  q. Write g = Zp,jg~,jy p,~, where g~,j~K and yP,J denotes the 

q-tuple ( 0 , . . . ,  yP . . . . .  0) with yP = yf . . . .  y~, in the j ' th  place. Let supp g = 

{( ] / , j )~N ~ × { 1 , . . . ,  q} : g~,j ~ 0} and let v(g) denote the smallest element of 

supp g. Let in g denote gypsy v~). 
We define the diagram of initial exponents ~(R) as {v(g) :g  ~ R  }. Clearly, 

~(R) + N ~ = ~(R), where addition is defined by (fl,j) + 7 = ( ] /+  Y,J), 

( f l , j )EN" × { 1 , . . . ,  q}, yEN" .  
Put ~ (n ,  q) = {92 C N" × {1 . . . .  , q} : 92 + N" = 92}. Let ~ ~ (n ,  q). Then 

there is a smallest finite subset % of ~ such that 92 = % + N' .  We call ~3 the 

vertices of 92. 

The set ~ (n ,  q) is totally ordered as follows: To each ~ E ~(n ,  q), associate 

the sequence v(~) obtained by listing the vertices of ~ in ascending order and 

completing this list to an infinite sequence by using ~ for all the remaining 
terms. If ~1, ~2 E ~(n ,  q), we say that ~1 < ~2 provided that v(~ ~) < v(~ 2) 

with respect to the lexicographic ordering on the set of  such sequences. 
Clearly, if ~1 ~ ~z, then 921 ___< ~ .  

We now return to the context of  the introduction. To the submodule ~ ,  of  
(~(,), we associate a diagram ~,  which depends on a choice of local coordinates 
(y~ . . . .  , y,)  in a neighbourhood of ~(a)EN:  Assume that N is an open subset 

of  K". If b E N, then ~ identifies with the ring of formal power series K[[y]] in 
the affine coordinates y = (y~ . . . . .  y,) of K". Let aEMg.  We put 

~,  = 92(~,). 

We say that the diagram of initial exponents ~,  is Zariski semicontinuous on 

M~ if, for every irreducible (germ of an) analytic subset X of M~, there exists a 

germ of a proper analytic subset YofXsuch that (1) Y~, = !~ if a, b E X - Y; (2) 

92, < ~ if a ~ X  - Y, b ~  Y. (We use the same notation for a germ at a point 

and a representative of the germ in a suitable neighbourhood.) 

TnrOR~M 4.1 (cf. [4, Thm. A]). Assume that N is an open subset of  K". Then 
the Hilbert-Samuel function Ha is Zariski semicontinuous on )W~ if  and only if 
the diagram of initial exponents 92, is Zariski semicontinuous on M~. 
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§5. The formal division algorithm 

We use the notation of Section 4. Let K be a field. Let g ~ , . . . ,  gt EK[[y] ]q  

and let (fl,,jg) = v(g'), i = 1 . . . . .  t. We associate to gl . . . .  , gt the following 

decomposition of N" × { 1 , . . . ,  q}: Set A0 = ~ and define Ai = ((fl~,ji) + N") - 

U ' - I  A .. k=O k , i = l , . . . , t .  P u t A = N " × { 1 , .  , q } -  U~=IA,. 

THEOREM 5.1 (Hironaka [6]; cf. [4, §6]). Let g i , . . .  ,gt~K[[y]]q and let 

(fl~,Ji) = v(g'), i = 1 . . . . .  t. Then, for every f~K[[y] ]% there exist unique 

q~K[[y] ] ,  i =  1 , . . . ,  t and rEK[[y]]  q such that (fli,Ji)+ suppqi CA~, i =  

1 , . . . ,  t, supp r c A, and 
/ 

f =  Y~ qig ~ + r. 
i ~ l  

REMARK 5.2. Let A be an integral domain. Suppose that K is the field of 

fractions ofA.  Let A [[y]] denote the subring of K[[y]] of  formal power series 

with coefficients in A. Suppose that g l , . . .  ,gt~A[[y]]q.  Let S denote the 

multiplicative subset of  A generated by the g~,.j,, and let S-IA denote the 

subring of K comprising quotients with denominators in S. Then S -  IA [[y]] c 

K[[y]]. In Theorem 5.1, i f fEA[[y]]% then qiES-IA[[y]], i = 1 , . . . ,  t, and 

r E S -  ~A [[y]]q (cf. [4, Rmk. 6.5]). In fact, ifA is any ring and each gh,,j, = 1, the 

formal division algorithm applies to give quotients and remainder with 

coefficients in ,4. 

REMARK 5.3. Suppose that K = R or C, and tha t f and  gl . . . . .  g' converge. 

Then the q, and r all converge [6]. 

COROLLARY 5.4 (cf. [4, Cor. 6.8]). Let R be a submodule ofK[[y]] q. Let 

92 = 92(R) be the diagram of  initial exponents o f  R,  and let ([3i, ji), i = 1 , . . . ,  t, 
denote the vertices o f  92 (without repetitions). Choose g~ E R  such that v(g ~) = 
(fl,,j~), i = 1 . . . . .  t. Then: 

(1) 92 = U~=I Ai, andg  ~ . . . .  ,g tgenera teR.  

(2) There is a unique set o f  generators f l . . . . .  f t  o f  R such that, for each i, 
in f~ = yp,,i, and supp(f  i - yP,4) N 92 = ~ .  I f  K = R or C, and R is generated 
by convergent elements, then each f i converges. 

We ca l l f  1 . . . . .  f t  in (2) the standard basis or specialgenerators of  R. 
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§6. Stratification and division 

In this section, we will prove Theorem 3.12. We use the notation of the 
introduction. Suppose that ~ is proper. Then, locally in N, there is a bound s on 
the number  of distinct submodules ~a  of~g,  where a E ~0-l(b) [4, Cor. 11.6]. 
Working locally, we assume that N is an open subset of K" and we fix such an s. 
Thus, for all b E t a ( M ) ,  there exists aE~o-~(b)cM~ such that ~ , =  

[~aE~-'(b) ~a" 
Suppose that the diagram of  initial exponents ~,  = ~(~¢,) is Zariski semi- 

continuous on M~; i.e., there is a locally finite filtration of M~ by closed 

analytic subsets, 

M ~ - - Y 0 ~ Z I ~ . . . ~ Z , ~ Z , + I ~ . . . ,  

such that, for all v ~ N, ~ ,  is constant on 5", - Z, + ~ and ~,  < ~,, if a ~ Z, - 
Z~+~, a'EZ,+~. It follows that, for all aEZv-q~-~(~(Z,+~)),  ~¢.= 

(')ae~-'¢ctl)) ~a .  
Therefore, there is a locally finite partition {X~},es of M~ such that, for 

each/z: 

(6.1) X~ is a relatively compact connected smooth semianalytic subset of 
M~, and ~'~ lies in a product coordinate chart U s in M ' .  

(6.2) X u - X u C LJa <u Xa. 

(6.3) ~o is constant, say ~,  = ~2 u, on X u. 

(6.4) Let Y u = q ~ ( U ~ < u X ~ ) .  Then, for all a ~ X u - ¢ - ~ ( Y u _ , ) ,  ~ , =  

[')ae¢-'(¢~*)) ~ a .  

We can, of course, assume: 

(6.5) ~[ X~ has constant rank. 

Let # EN.  For each aEX~, let G~.O ,) = yP~J, - r~-(y), i = 1, . . . , t ,  denote the 
standard basis of ~ . ,  where, for each i, in G ~- = yP~, and supp r- ~ ~ ~.  = ~ .  
Write r'(y) = Z~, i r~.~ (a)y ~,1. By [4, Thm. B], we can also assume: 

(6.6) For each i - 1 . . . . .  t and ~ , j ) e N "  × {1, . . . .  q}, r~,~ e~ (X~) .  

The notation above will be fixed throughout this section. Let Z be a closed 
subanalytic subset of  N. For each/z ~ N, let Z~ = Z N Y~,. We will prove: 

THEOREM 5.7. L e t  K = R .  T h e n ,  f o r  each  lZ, ~(Y, ;  Y~-~ U Z , )  is a quo-  

t i en t  o f  s .  

Theorem 3.12 then follows: 
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PROOF OF THEOREM 3.12. Using a partition of unity on N, we can reduce 
to the local situation above. By Corollary 3.11, for each/~, the following 
sequence is exact: 

0 ~  ~(Y,; Y,-i U Z~)~  ~(r~;  Z , ) ~  ~ ( r~ - l ;  Z~_ , )~  0. 

The result follows by induction on/l ,  using Theorem 6.7 and Corollary 2.3. [] 

If W is a locally closed subset of N, set J(W)=l-lb~Wt~b. If G EJ(W) ,  
we write G = (Gb), where GbE (~b, b E  W. There is a canonical injection 

j(w). 

DEFINITION AND REMARKS 6.8. Let Vbe an open subset of K', and let W 
be an immersed analytic submanifold of V. Let G E J( W); say G = (Gb), where 
Gb(Y)= Y-Bgp(b)YPE~b, b ~ W .  Suppose that each gp~(f (W),  where ¢(W) 
denotes the ring of analytic functions on W (i.e., restrictions of analytic 
functions defined in neighborhoods of W). 

Regarding both b = (b~ . . . . .  b,) and y = (y~ . . . . .  y,)  as variables in V, if 

r 1 = (r h . . . . .  r l , )~K' ,  we write 

0 _ ~ ,  O 
D,,b= ~ r/j and D , y -  ~ l j - -  ; 

j--1 ~ j  ' j - I  cgyj 

D~, b and D,,y are the directional derivatives in the direction t?. Ifb E Wand r/is 
tangent to (one of the branches of) W at b, then the directional derivative 
D,,bGb(y) at b is well-defined, as is the (formal) directional derivative 
D~,yGb(y). 

We say that G ~ ~(W) if, for each b E W and each tangent r/to W at b, 

(6.9) D~,bGb(Y) = Dn,yGb(Y). 

If G ~ ~(W), we say that G is analytic with respect to the variables o f  W and 
formal with respect to the normal variables. 

This definition can be justified as follows: Let Z denote a local branch of W. 
Choose (analytic) local coordinates (u, v )=  (ul . . . . .  Uk, Vl , . . . ,  Vn-k) of V 
such that Y. is given by v = 0. Write Gb as 

Gb(u, v )= P~N ~y'-* ~ ~ 7~s(b) #! , 

where the y~E¢(Y,). Then (6.9) implies that X~ 7~s(b)u~/a! is the Taylor 
expansion at b of the analytic function Y0,a- 
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If K = R and G ~ ~(W), it follows from E. Borel's lemma [22, IV.3.5] and 

-Lojasiewicz's glueing theorem [11, 1.5.5] that G ~ 8 (g0 .  

We return to the stratification introduced above. Let g E N. For each 

i =  1 . . . .  , t  and each b E Y ~ - Y , - I ,  let G~(y)=G~.(y),  where aEX~ and 

~o(a)=b. (The G~ are well-defined, by (6.4).) Write G~(y)=y#,  ,j, - 

Zlj.jr~.j(b)y Ij,j, where r ~ j ( b ) = 0  if ( f l , j ) ~ u .  Put Gi=(G~)ber_r ,_ ,~  
J(Yu - Yu_O ~. By (6.5), Yu - Y~_I is an immersed analytic submanifold of 

N - Y u _ ~ .  The following proposition together with (6.1)-(6.6) establish 

Theorem 1.3. 

PROPOSmON 6.10. For each i = 1 . . . . .  t, G ~ E ~(Y~ - Y ,_  ~ q. 

PROOF. Let b0 ~ Yu - Y~- l and let Z denote one of the local branches of 

Y~ - Yu -l  at b0. By (6.5), there exists ao ~ X, - q~-~( Yu _ ~) and (a germ at ao of ) 

an analytic submanifold P of X~ such that ~ induces an analytic diffeomor- 

phism of  P onto E. 

LeMMA 6.1 1. There is a proper closed analytic subset Q o f  P such that, for 

each i =  1 . . . . .  t and each a = ( a  ~ . . . . .  a Q E P - Q ,  there exist H ~ . , ~ , ,  

j = 1 , . . . ,  s, satisfying: 
(I) .,4a,'(G~,,)°~,.,)+Ba,'H:.,, = 0 .  
(2) The coefficients o f  ill,. are analytic functions o f  a ~ P  - Q. 

PROOF. The coordinate chart U u of  (6.1) is a product U u = 1-If= ~ UJu, where 

each U~ is a coordinate chart in M. We use x = (x~ . . . . .  x,,) for local 

coordinates in any of the U~. Let B~.(x)= B~,(x), j = 1 . . . . .  s, where a = 
(a t . . . . .  a ' ) E P  c Uu. The coefficients of  the Bi-(x) are analytic functions on P. 

For each a ~ P, there is an evaluation mapping h ~ h (a) of  ~(P) onto K. If 

f = Z~,t f~,tx"'t~ (9(P)[[x]] o, we write f(a; x) = Z f,,t (a) x~'l when the coefficients 

are evaluated at a E P .  Let v ( f ) ~ N  m X {1 . . . . .  p} denote the smallest (a, l) 

such that f,,~ ~ ¢(P) is nonzero. 
For each j = 1 . . . .  , s, let ~ denote the submodule of (9(P)[[x]] p generated 

by the columns of B.J(x). Put 9~ j = (v ( f ) :  f ~ } .  9~ ~ + N m = 92~. If a ~ P ,  let 

t~, denote the submodule/~a" K[[x]] ~ of  K[[x]]P; i.e., the submodule generated 

by the columns of  B~(x) (evaluated at a). Put 92J,= 9~(~). Let (a~, l~), 

k = 1 . . . .  , t ( j ) ,  denote the vertices of 9V. Then, for each j  = 1 . . . . .  s, there 

exists ~ ,  k = l  . . . .  , t ( j ) ,  such that v ( ~ ) = ( a ~ , l ~ ) .  Write g/~= 
Z ~, , , tx  "t, where each ~l~,a,I GO(P). Let Q~ = { a ~ P :  ~,,,t(a) = 0, where 

s I I  t(j) (a , l )  = ( a t ,  l~)}. Put Q = U~_~ V k . ,  Q~. 
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Let a E P  -- Q. Then each ¢/~ (a; x ) ~  ~{ and v (~(a ;  x)) = (a i , / i ) ;  thus each 
~J c ~{. In fact, it is not difficult to see that ~{ = ~g (cf. [4, Lemma 7.1 ]). 

Let a ~ P  - Q. Write FJi,.(x)= - .4a~(X) ' (G~.)°  ~d)(x), i = 1 . . . . .  t, j = 
1 . . . .  , s. Let {A{, N)~<k_<,j) denote the decomposition of N m × {1, . . . .  p} 

determined by the vertices (a~, t~) of  ~J, as in Section 5. By Theorem 5. i, since 

F~,. ~ ~{, there exist unique ~!~,. ~K[[x]], k = 1 . . . . .  t( j) ,  such that 

t( j)  

(a~, 1 ~) + supp ~tJ"k,I C mJ k and F!,. = X ~ik,l" ~/~,tt, 
k-1 

where 9'~,,(x)= ¢~(a;x). According to Remark 5.2, the coefficients of  the 

~k.,(X) are analytic functions ofa  E P - Q. The lemma clearly follows from our 

choice of ~ above. [] 

We now complete the proof of Proposition 6.10: Let b E E  and let t / --  

0/1, • • •, ~/B) be a tangent vector to Y~ at b. Say b = ¢p(a), where a ~ P .  Let ~be 

the tangent vector to P c U s at a such that r /=  d~(a).  ~ (where dc~(a) denotes 

the tangent mapping of ~ ] P at a). 
First assume that a E P  - Q. We write V~G~ or VyG~ to denote the gradient 

of  G~ (Y) with respect to the variables of Z or with respect to y, respectively. 

Then, for each i = 1 . . . . .  t and each j = l . . . . .  s, 

D¢..( G~.) o (o,¢) 

= ((VbG~) o (o,¢). D¢,dp(a) + ((VyG~) o ~a,) • D¢,.((O,e(xO - ~p(a)) 

= (D~,bG~,)o (o~ - (D,,yG:,) o (oa + ((V.G~) o ~,¢). D¢,.~a(xi), 

and 
D¢,x(G~(.) o ~a) - -  ( ( V y G ~ )  o ~d)" D¢,,~oa(xJ), 

where x -- (x~ , . . . ,  x ' )  denotes the coordinates of U s. Since q~ is analytic, then 
D~,.#,, -- De,.#,: ("Taylor expansion commutes with differentiation"); thus, 

(D¢,x - D¢..)( G~.) o (o~) = ((D,,b -- D,~)G~, ) o ~o~. 

Likewise, since the entries of the matrices A and B are analytic, then D¢,, - D¢.x 

vanishes when applied to ,4a(x j) and/~g(xJ). It follows from Lemma 6.11 that, 

for each i = 1 , . . . ,  t a n d j  = 1 . . . .  ,s ,  

,4a " ((D~,b -- D~,y)G~ ) o ~d ~ I m / ~  ; 
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i.e., (D,,b -- D,,y)GL ~ ~¢o. Since supp(D~,b -- D~,r)GL N 92~ = ~ (where supp is 

with respect to y), then (D,,b -- D~.r)G~ = O. 
For arbitrary a ~ P ,  extend r/to an analytic vector field tangent to E in a 

neighborhood of b = ~(a). Since the coet~cients ofD,,bG~ (y) and D,,yG~ (y) are 

analytic functions on Y~ and P -  Q is adherent to a, it follows from the 

preceding paragraph that again (D~,~ - D~,r)G[ = 0, as required. [] 

We will now prove a theorem (6.15 below) on division by the special 

generators G ~ of Proposition 6.10, from which Theorem 6.7 will immediately 

follow. 

LEMMA 6.12 ("Hestenes's lemma for subanalytic sets"). Let V be an open 
subset o f  R ~, and let Z c Y denote closed subsets o f  V, where Y is subanalytic. 

Let H ~ J ( Y); say H = (lib), where Hb (Y ) = Y-,php( b )y a E ~b, b ~ Y. Suppose 
that H I ( Y - Z) E 8 ( Y - Z) and that each h a is continuous on Y and zero on Z. 

Then H ~ 8(Y). 

PROOF. See [3, Cor. 8.2]. [] 

Let Vbe an open subset of  R n, and let Z C Ydenote closed subsets of  V. Let 
denote the Fr6chet space 8( V; Z)/(rgo'( V; Y) n 8( V; Z)) of  restrictions to Y 

of  r¢~ functions which are flat on Z. There is a continuous linear injection of 

into the space qf0(y; Z) of continuous functions on Y which vanish on Z. 

LEMMA 6.13. Suppose that Z is subanalytic. Let rE~C/(Y - Z). I f  f ~  ~ ,  
then z . f  extends in a unique way to an element o f  ~ (also denoted z . f ) .  
Moreover, the mapping f ~--, z . f of  ~ to itself is continuous and linear. 

PROOF. The assertion is local, so we can assume there are analytic func- 
tionsf~, g~, i -- 1 . . . . .  r, defined on Vsuch that Y O n~= i g~- t (0) c Z and, for 

each i, z .  gi -- f~ on Y - Z. Put Pi = Z U g~- ~ (0), i - 1 , . . . ,  r, and P = n P~, 

so that P n Y = z .  Let 7t : 8(V; P)--- ~ be the canonical surjection. 

The mapping (F~)~Z F~ from ~ _ ~  8(V; P~) to 8(V; P) is surjective, as 

follows: Let F ~ 8 ( V ; P ) .  By Lojasiewicz's glueing theorem [11, 1.5.5] and 

Whitney's extension theorem [11, 1.4.1 ], there exists F, E 8(V; Pr) such that 

F r = F  on P ~ O . . . O P , - t .  Then F = ( F - F ~ ) + F ,  where F - F ~  
8 ( V ; P ~ A . . . A P r _ O .  The assertion follows by induction. Let p:  

(])'i= ~ 8(V; Pi)--" ~ denote the induced surjection. 
For each i = 1 , . . . ,  r, write z~ = f f l g iE .4 t (V -P~) .  It follows from Eoja- 

siewicz's inequality [ 11, IV.4.1 ] that, i f  G E 8(V; P~), then r~. G extends in a 
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unique way to an element of 8(V; P~) (also written ~,. G), and that the induced 
mapping G ~ z~. G of 8(V; P~) to itself is continuous and linear [22, IV.4.2]. 
Define S:  ([~;_~g(V;Pi)~g(V;P) by S((F~))=Zr~.F~, where (F,)~ 
Of_, 8(V; P,). 

For each i ,  z = z~ on Y - P~. It follows that there is a unique continuous 
linear mapping Tfrom ~ to itself such that Top  = tro S; clearly T(f)  = z . f ,  
where f ~  ~ .  [] 

Assume that K = R. I f H  = (H~ . . . . .  Ht)~ ¢~(Yl~'~ Y#--I O Zll) l, define F ( H ) ~  
J(Y~)* by 

! 

r ( H ) o =  Z 
i - I  

u zA, 

F(H)b = 0, beL_,u 

LEMMA6.14. (1) Let H ~ 8( Y~; Y#-i  U ZI~)/. Then F(H) ~ 8( Y~; Y~ _ , U Zu)*. 
(2) The mappingF: g(Y~; Y~_, O Zu)' ~ g(Y~; Yu-, U Zu) q thus definedis 

continuous and linear. 

PROOF. (1) Let b~Y~ - Y~-i. Then G~(y) = ya. ,j, - Xaa r~.j(b)ya,J, where 
each r~. i o (~0 [ (Xv - ~o-l(y~_ i))) is the restriction of an element on ~g(X~), and 
Hi.b(Y) = Xa hi,,(b)Y a, where each hi,a is the restriction o fa  ~ function flat on 
Y~- t U Z~. For each b E Y~, write F(n)b(y) = Za, j 7pd(b)y pd. It follows from 
Lemma 6.1 3 that each 7a.J ° ~, defined on Ua.<~ Xa, is the restriction of a ~ 
function which is flat on ~-i(yv_~ U Z~)D U~<~Xa. Since ~olO~vX~ is 
proper, each 70,J is a continuous function on Y~ which vanishes on Y~_ ~ U Z~. 
By Proposition 6.10, F ( H ) I ( Y ~ -  Yv_t )ES(Y~-  Y~_t) q. It follows from 
Lemma 6.12 that F ( H ) ~  8(Y~; Y~_, U Z~) q. 

(2) Since Y~ is subanalytic, the topology of 8(Y~) is defined by the semi- 
norms 

] OIplG (b) II a Ill = sup 
her Oy p ' 
I~l.<t 

where K c  Y~ is compact, I E N  and GES(Y~,) (cf. [9; 22, IV.3.11]). The 
assertion follows from Lemma 6.13, Leibniz's formula, and the fact that 
¢ [ Ua.~ Xa is proper. [] 

Let (Ira I') ̂  denote the elements of 8( Y~,; Y~ _ ~ U Z~)q which formally belong 
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to the image of the mapping F of Lemma 6.14(2); i.e., ( ImF) ^ =  
{G~g(Y~; Y~-I U z~)q: for all b~Y~ -(Y~_~ U Z~), there exists Hi,b~ ~ ,  
i = 1 . . . . .  t, such that t~ ffi Z Hi,b. G~ }. Clearly, (Im F) ̂  is a closed subspace 
of ¢(Y,; Y~_~ U Z~) # containing Im F. 

THEOREM 6.15. Im 1" = (Im I")^. 

PROOF OF THEOREM 6.7. It follows from (6.4) that ~(Y.;  Y._~ U Z . ) =  
(Im F) ̂ . Then ~¢(Y~; Y._, U Z.) is a quotient of s, by Theorems 2.5 and 6.15. 

[] 

PROOF OF THEOREM 6.1 5. Suppose that G E(Im F)^. Let b E 
Y,-(Y~,_~ U Z~,) and let a~X~ such that ¢ ( a ) = b .  Then Gb= ~ . =  
nae¢-,tb) ~ .  Let {Ai, A} be the partition of N" × { 1 . . . . .  q} associated to the 
initial exponents (fli,Ji) of the G~, as in Section 5. By the formal division 
algorithm (Theorem 5.1), there are unique Hi,b ~ ~s, i = 1 . . . . .  t, such that 

(fli,Ji) + supp Hi,b C Ai and 

t 

(6.16) d b =  2 Hi.~" G~. 
i - I  

Put Hi.b = 0 if b ~ Y,_~ U Z~. Define Hi EJ(Y~,) by Hi = (Hi,b)beY,. We claim 
that Hi E 8(Y~; Yz_~ t_J Z~), i -- 1 . . . . .  t: 

Write Hi,b = Zp Hi~(b)y p. By the formal division algorithm (cf. Remark 5.2) 
and Lemma 6.13, each Hi.a ° (¢1 l..J~_,, XD is the restriction o fa  ¢ ~  function 
which is flat on ¢-~(Y~_~ U Z j,). Since ~l  l..J~.~X~ is proper, each Hi~ is 
continuous on Y~ and vanishes on Yz_ ~ U Z,. (By (6.5), each Hi~ is, in fact, c~o 
on the immersed submanifold Y~ - Y~_, of N - 1I,_ ~.) 

Let b E Y , -  Y~_,. Suppose that r /=( rh  . . . .  , ~/.)~R" is tangent to Y , -  
Y~_ ~ at b. Since G and the G i are q ~  Whitney fields, then (in the notation of 
6.8) we have: 

D~,bGb(Y) =D~.yGb(Y), 

(6.17) D~,bGl, (y) = D~,vG~, (y), 

i = l , . . . , q .  By (6.16) and (6.17), 

t 

2 (D ,Cli.b --  D j - I i . b ) "  = O. 
i - I  

But, for each i, (fli,Ji)+ supp(D~j-/i ,b- D~,rH~,b)c Ai (where supp is with 
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respect to y). Therefore, by the uniqueness of formal division, D,,bH~, b = 
D~,rH~, b, i = 1 , . . . ,  t. Thus each Hi restricts to an element of 8(Y~ - Y,,_~) 
(cf. Remarks 6.8). It follows from Lemma 6.12 that each H ~  
g(Y~; Y~_~ U Z~), as required. [] 
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